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Abstract 

Based on Markvorsen and Palmer's work on mean time exit and isoperimetric inequalities 
we establish slightly better isoperimetric inequalities and mean time exit estimates for 
minimal submanifolds of x M. We also prove isoperimetric inequalities for submanifolds 
of Hadamard spaces with tamed second fundamental form. 
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1 Introduction 

The study of minimal surfaces in product spaces N x M., where is a complete surface, 
started with H. Rosenberg in [22] and it has shown to be a rich and interesting theory, yielding 
a wealth of examples and results, [10], [11], [12], [17], [18], [23]. It also lead to the study of 
constant mean curvature surfaces in product spaces, [T], [S], [H], fT3], [12], [2D]- The classical 
theory of minimal surfaces in M.^ guides the search in this new theory, that depending on the 
geometry of A^, yields very different results from their counterparts in the classical theory. In 
this spirit, based on the ideas of Markvorsen- Palmer, we study isoperimetric inequalities for 
minimal submanifolds of x M, where A^ is a complete Riemannian n-manifold with sectional 
curvature K]sr < b. Markvorsen and Palmer in ^6] and [21] proved isoperimetric inequalities for 
extrinsic geodesic balls of proper minimal submanifolds of Riemannian manifolds with sectional 
curvature bounded above. To be precise, let (p : M W he a proper minimal immersion 
of an m-dimensional manifold M into a Riemannian n-manifold W with sectional curvature 
Kw < b and let Bw{R) be a geodesic ball of W centered at a point p = ip{q) with radius 
R < min{inj5^(p), 7r/2v^}, where Tr/2\/b = oo if 6 < and inj^y(p) is the injectivity radius at 
p. The extrinsic geodesic ball of radius R centered at p, denoted by D{R), is defined to be the 
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connected component of V5(M) r\By[r[R) containing p. The isoperimetric inequalities proved by 
Markvorsen and Palmer are the following. 



Theorem 1.1 ( Mar kvor sen-Palmer, [16] . [21] ) 

z. Ifb<0 then 



vo\m^i{dD{R)) ^ vol 

m— 1 

a. If b > then 

vo\m-,{dDiR)) C, 

Where {Cb/ Sf,){R) is the (constant) mean curvature of the geodesic sphere 95^™ (6) (i?) of radius 
R in N™'(6) and the functions Sf, and Cf, are defined in (T^. Moreover, equality in item i. 
implies that D{R) is a minimal cone in W . 

We consider a minimal immersion y9 : M x M of m-dimensional manifold M into the 

product space x M, where is a complete Riemannian manifold with sectional curvature 
Km < b. Let K C ^{M) be a connected compact set and let r^^ = rad(7ri(_ft')) be the radius of 
the set TTi{K), where tti : x M — > is the projection on the first factor. Denote by Pj^ G A^ 
the barycenter of t[i{K) and suppose that < min{inj^(p^^,), 7r/2v^}. We prove a slightly 
better isoperimetric inequality when 6 < 0. 

Theorem 1.2 lfb<0 then 

Voim-lidK) ^ VoU,2('9^N'"-i(fe)(ry)) .^g. 
Y0\m{K) ~ V0lm„i(5Nm-i(;,)(r^)) 

Remark 1.3 This isoperimetric inequality is sharp if we consider arbitrary compact sets K . 
Consider the totally geodesic embedding ip : H*""^ x M H["(— 1) x M given by if{x,t) = {x,t) 
and a family of compact sets Ki = B^7ri-i(R) x [— i, i], i = 1,2, . . .. We then have that 

V0\m-l{dKi) _ V0lm-2idBam-i{R)) _^ 1 ^ V0\rr,^2{dBam-i{R)) 

vo\m{Ki) voU_i(5e— i vol„_i(5e— i(i?)) 

On the other hand, if we consider extrinsic geodesic balls D{R) of M ^ N x M., Kn < — 1, 
then Markvorsen-Palmer's estimate ( (i.ij) is better if m = 2. Since 

vohidDjR)) ^ Yoh{dB^2{R)) ^ 2 1 ^ vo\o{dBui{R)) 
Yoh{D{R)) - Yoh{B^2{R)) R^ R Yoh{Bui{R)) ' 

For m > 3 there exists Rm such that if R> Rm then we have 

yo\m-i{dD{R)) ^ Yo\m-2dBj^..-i^_^){R) ^ smhjR)"'-^ ^ m ^ voi^^^jd Bt-^jR)) 
vo\m{D{R)) ~ vol„„i5em-i(-i)(i?) sinhis)""'^ ds ~ R vol„(5iR™(i?)) 
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In fact, a rough estimate gives 



sinh(i?) 



m-2 



\m-2 



sinh(s)™~^(is 



> (m-2) 



Just let Rm be such that 



{m-2) 



oR-n 



- 1 



vm-2 



j(m-2)_R,„ _ 



m 

Rm. 



Our next result gives upper bounds for the isoperimetric quotients for extrinsic geodesic 
balls of submanifolds with tamed second fundamental form in Hadamard spaces with bounded 
sectional curvature. 

Let ip : M ^ N he an isometric immersion of a complete Riemannian m-manifold M into 
a Hadamard n-manifold with sectional curvature bounded above Kn < & < 0. Fix a point 
xo G M and let Pm{x) = distAf(a;o, x) be the distance function on M to xq. 

Let {Ci}°Zi be an exhaustion sequence of M by compacts sets with xq G Ci and define a 
non-increasing sequence ai > a2 > ■ ■ ■ > by 



sup 



Sb{PM{x)) 
Cb{pM{x)) 



\a{x)\\, X E M\Ci 



where 



Sb{t) 



b 
1 



sinh(v^t), if b <Q 
t, if 6 = 0, 

sm{\/bt), if b > and t < 7r/2v^ 



;i-4) 



Cb{t) = Sl{t) and a{x) is the second fundamental form of ^p{M) at (p{x). It is clear that the 
limit a{M) = limj^oo G [0, cxd] does not depend on the exhaustion sequence {Cj}^^ nor on 
the base point xq. 



Definition 1.4 An immersion ip : M "—>■ N of a complete Riemannian m-manifold M into a 
Hadamard n-manifold N with sectional curvature Kn < b < has tamed second fundamental 
form if a{M) < 1. 



Submanifolds of with tamed second fundamental form were studied by the authors and L. 
Jorge in |3] where we showed that complete submanifolds with tamed fundamental form of the 
M" are proper and has finite topology. Silvana Costa [7] extended this result to submanifolds 
of Hadamard manifolds with tamed second fundamental form. Here we give upper bounds for 
the isoperimetric quotients of extrinsic geodesic balls in Hadamard manifolds. We prove the 
following theorem. 
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Theorem 1.5 Let (p : M N be a complete immersed m-submanifold M with tamed second 
fundamental form of an n-dimensional Hadamard manifold N with hounded sectional curvature 
bi < Kn < b2 < 0. For a given c G (a(M),l) there exists positive constants tq = ro{b2,c), 
B = B{b2,c) < 1 such that for extrinsic geodesic balls D{R) with radius R> tq we have 

Yol^^iidDjR)) ^ 1 + ■ R ■ cothjV^i ■ R) + A 
voU(D(i?)) - R-VT^^ ■ 

Where A is a constant depending on c, tq, R ,62 o,nd sup^^^^^^-) \H\. 



2 Proof of the results 
2.1 Basic formulas 

Let if : M W he an isometric immersion M and W are Riemannian manifolds. Consider 
a smooth function g : W ^ K. and the composition f = g o ip : M ^ M.. Let V and V 
be the Riemannian connections on M and W respectively, a{q){X, Y) and Hess /(g) (X, Y) be 
respectively the second fundamental form of the immersion ip and the Hessian of / at g G M, 
X,Y e TpM. Identifying X with d<p{X) we have at g G M and for every X G TgM that 

Hess /(g) {X,Y) = Hess^7(<^(g)) {X,Y) + {gmd g , a{X,Y))^^,y (2.1) 

Taking the trace in (12.11) . with respect to an orthonormal basis {ei, . . . Cm} for TgM, we have 
that 

m 

A /(g) = ^ Hess /(g) (e„e,) 
1=1 

m m 

= ^Ressg{(p{q)) {e^,ei) + {grad g ,^a{ei,ei)). (2.2) 

1=1 i=l 

The formulas (12. ip and (12. 2p are well known in the literature, see [13]. Another important tool 
is the Hessian Comparison Theorem, see \24\ . 

Theorem 2.1 (Hessian Comparison Theorem) LetW be a complete Riemannian n-manif old 
and Ho, Hi G W . Let 7 : [0, pwiui)] ^ M be a minimizing geodesic joining and yi where 
Pw is the distance function to yo on W . Let be the sectional curvatures of W along 7 
and let c = inf and b = supK^. The Hessian of pw at y = ^{pwiy)) for any X G TyW , 
X _L 7' (pvK (?/)); satisfies 

^{pw{y)) ■ \\xf > Hesspw{y){x,x) > ^ipN{y)) ■ \\xf, (2.3) 

whereas Hess pw{y){,l' = 0. 
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2.2 Mean time exit from minimal submanifolds of x M 



Let (p : M ^ W he a complete, minimal, properly immersed m-submanifold of a complete 
Riemannian manifold W with sectional curvature Kw < b. Let D{R) be an extrinsic geodesic 
ball centered at p = ip{q) with radius R and p^y{x) = distw{p, x). Let E{x) be the mean time 
of the first exit from D{R) of a particle in Brownian motion starting at a; G D{R) and denote 
by E^{x) = EJ^{\x\) the mean time of the first exit from i?Nm(5)(i?) of a particle in Brownian 
motion starting at x G -Bn'"(6)(-R), \x\ = distNm(fe)(0, i). Markvorsen, [IS] proved the following 
theorem. 

Theorem 2.2 (Markvorsen's mean time exit comparison theorem) 

i. If the sectional curvature b > Kw > > then E{x) > E]^{p^\x)) . 
a. If If the sectional curvature 0>b> Kw then E{x) < EJ^{p^{x)) . 

We have a version of Markvorsen's mean time exit comparison theorem for compact sets of 
minimal submanifolds of x R. Let K C f{M) be compact set in a minimal m-submanifold of 
X M, where is a Riemannian n-manifold with sectional curvature Kj\f < b. Let r^^ and p^^ 
be respectively the radius and barycenter of tci{K). Suppose that < min{inj^(p^^), Tc/2^/b}. 
Denote by E{x) the mean time of the first exit from K of a particle in Brownian motion starting 
at X & K and by Eb{x) = the mean time of the first exit from i?pjm-i(;,)(r^) of a 

particle in Brownian motion starting at a; G i?Nm-i({,)(r^), = distisjm-i(b)(0, x). 
We prove the following comparison theorem. 

Theorem 2.3 

i- IfKN < & < then E{x) < Eb{pNMx))). 

a If Kn > h> 0, suppose that the immersion ip is proper and K = p{M) fl {Bn{R) x M) 
is a compact set, then E{x) > E^{p]\f{TCi{x))). Where Pn{'^i{x)) = dist (p^ , tti (x) ) . 

Remark 2.4 The statement of this theorem is somewhat surprising. For instance, consider 
the totally geodesic embedding ip : H'""^ x M E["(— 1) x M given by p{x,t) = {x,t) and 
K = B^m-i{R) X [—L,L]. It does not matter how large is L, the mean time exit of K can 
not exceed E-i{R). The particle in Brownian motion can not move upward for too long. It is 
drifted horizontally to the boundary. 



2.3 Proof of Theorem [231 

We denoted by E{x) the mean time of the first exit from of a particle in Brownian motion 
starting at x and by Eb{x) the mean time from the first exit of the geodesic ball -Bp^m-i(^)(rj^) 
of a particle in Brownian motion starting at x. A remark from Dynkin [Hj vol 2, p. 51 states 
that the functions E and Eb satisfies the Dirichlet boundary problem. 

f AkE = -1 in K ( ANm-i(6)^b = -1 in fiN™-i{6)('^x) (n a\ 

\ E = on dK \ Eb = on 95^^-1 (;,)(r^,) ^ ^ 
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It is known that Ef, is a radial function Ei,{x) = Eb{\x\), \x\ = distN™-i(fc)(0, x). Let Eb be the 
transplant of Ef, to Bj^{rj^) x M defined by Eh{x) = Ef, o pj^ o iii{x), where tti : x M — is 
the projection on the first factor. We have that Eblx = EbO (p. Following Markvorsen [15] we 
define Fb : [0, oo) [0, oo) by 



f 1 



-{1 - cos{Vb ■ t) if b>0 



Fbit) = { - 2/6 = 



(2.5) 



-(1 -cosh(V-6-t) if b<0 



Observe that Fb satisfies Fl^'{t) - {Cb/ Sb)it)FI^{t) = for all t > 0. 

Let s = Fb{pN o TTi) and define Eb{s) by Eb{s{x)) = Eb{x). Computing AxEb o (p at any point 
X G Bjq{R) we obtain, (see 12.21) 



AKEbOip{x) = ^Hess(ArxR)-Efe(i/)(Xi,Xj) 

i=l 
m 

= Hess(AfxR) EbO Pn o TTi{y){Xi, Xj) 

i=l 
m 

= ^HessAr(Efc opjv o7ri)(?/)(Xi,Xi) 

i=l 
m 

= ^Hess^Efc(s(y))(X„X,) 

1=1 

rn 

= J2 [E'My)){g^^ds,X,)' + E'b{s{y))}iessN s{y){X,,X,)] 



(2.6) 



i=l 



Where {Xi} is an orthonormal basis for Ty{p{M), y = (p{x). Let {d/dpN, d/d9i, . . . , d/d9n} be 
an orthonormal basis for TT^-^(^y^N from polar coordinates and d/dt is the a tangent to the M 
factor. We choose {Xi} in the following way. 



n-l 



Xi = ai- d/dpN + (3i- d/dt + ^-i]- d/dOj 



(2.7) 



n-l 



a. 



(2. 
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We compute YllLi HessTv s{Xi, Xi) taking in account the Hessian Comparison Theorem and the 
factF,"(t)-F,'(t)(a/^6)(t) = 0. 

m mm 

Hessiv s{Xi,Xi) = Fft" (pat ) ^ (grad p^, Xi)^ + F^pn)"^ HesspAr (X, , ) 

i=l i=l 2=1 

m m n—1 

= H'iPN) + ^l>ipN) E Y.(^}?ii^^^NPN{d/de„ 8/ 89,) (2.9) 

i=l i=l j=l 

m „ m 

t=l 1=1 

^ \ m ^ m 

H'iPN) - H{p^)f{p^)] Yo^j + K{PN)^{pN){m -Y^") 

^ ' i=l 1=1 

> (m-l)n'(p^)^(p^) 

Thus 



m „ 

VHess^s(X„X,) > (m-l)-F,'(p^)-^(p;v). (2.10) 

Recall that the Laplacian of the canonical metric dt"^ + S^{t)d6'^ of the space form N"*^^(6) is 

given by A^^-i^,) = 8^81^ + (m - 2){Cb/ Sk)8/8t + (l/^^^t)) 

Therefore 

AN".-i(fe)S = A^m-m,)Fb{pN) = H'ipN) + {m- 2)— Ffe'(pAr) = (m - 1)—FI{pn). 

Ob Of, 

In [T3], Proposition 4, Markvorsen proved that E'fj{s) < for all b and -E^'(s) > if 6 < 0, 
^;;(s) = if 6 = and ^'^,'(5) < if 6 > 0. 
Therefore from (12. 6p we have 

m 

A;,EbO(^(x) = J] [E;,'(s)(grads,X,)2+^;(s)Hess^s(X„X, 



i=l 



< E;'(.)|grad^.r + E'bis) ■ (m - 1) ■ F,'(p^)-^(p;v) 

06 



E'^'(s)|gradpj™-i(fe)s|^ + E^(s)An™-i(;,)S 



= — 1 = Aj^E 



(2.11) 



Then AxiEb - E) < with (E;, - E)\9k = Eb\dK > 0. Thus Eb > E in K. 
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If Kn> K>0 then 

VHess^s(X„X,) < (m-l)-F,'(p^)-^(pjv). (2.12) 

and E'^{s) < 0. The same reasoning as before shows that Ak{Ek — E) > and this is vahd for 
any compact K. But our compact set in consideration is = y^{M) fl {Bj\f{R) x M) so that 
the boundary dK C dBN{R) x M. Thus we have {E^ - E)\qk = and then E^ < E in K. 

Remark 2.5 When b < the equality Ei, = E in K implies that |grad^s| = |grad;^s|. Thus 
|grad^PAr| = |grad;^pAr| at every point of K. Recall that gradj^piy = ^™^-,^(grad^pAr, Xj)Xj. 
Then grad^pAr is tangent to K. The integral curves of grad j^piy are geodesies (liftings of radial 
geodesies in N via the projection map), in N xM. and then in K . Thus we conclude that through 
every point q of K passes a lifting of a radial geodesic of N passing through tti (g) . Moreover, 
going through the computations Ii2.9\) it is easy to see that 

m „ 

V = 1 and {YjfiHessNPNid/de,, 8/89,) - ^) = 0, ^ = 2, . . . , m j = 1, . . . , n - 1, 

everywhere in K . 

2.4 Proof of Theorem D 

We start stating a lemma proved by Palmer. 

Lemma 2.6 (Palmer, [21J) Let Ef, be the mean time exit of the ball Bf>jm-i(^y^[R) . Then 

VOl^,l(EM.n-l(b)(t)) 

VOlm_2lO'-DN'"-i{6)irjj 

Inequality (12.111) says that AkE^ o if < —1 on K . Integration over K yields, 

-vol^(i^') = / 1> / -AxEbOif = - (E^gradpiv oy9, 1/) > -sup ||E^||vol„_i(9K) 

Jk JK JdK dK 



Thus we have that 



Y0\m-l{8K) ^ 1 ^ V0U_2(ggN'"-i(fe)(rj^)) I4) 

yolm{K) ~ snpQi^\\El\\ volm_i(5Nm-i(5)(rK)) 



8 



2.4.1 Mean time exit on spherically symmetric manifolds. 

A spherically symmetric manifold is a quotient space W = ([0,i?) x S""^)/ ^, R E {0,oo], 
where {t, 9) ^ (s, a) iff t = s and ^ = aors = t = 0, endowed with a Riemannian metric of the 
form de + Pit)de\ where / G C\[0,R]) with /(O) = 0, /'(O) = 1, /(t) > for all t e (0,i?]. 
The class of spherically symmetric manifolds includes the canonical space forms M", S"(l) and 
HI"(— 1). Let B]j\/{r) G W he a geodesic ball of radius r and center = (0 x S"'^^)/ ^ in a 
spherically symmetric manifold [W, dt^ + p{t)d9'^). The mean time of the first exit E of B\iY{r) 
is given by 

E{x) =E{\x\) = - f r r-\s)dsda. (2.15) 

J\x\ /" n^) io 

as one can easily check that E satisfies = —1 in Bw{r) with E\dBy[r{r) = 0. Here 

\x\ = disti4/(0,x). It is also straightforward to show that 

^,(1^1)^. /;r-H^)rfs vol„(i?H.(r)) 



f^'^ir) vo\n-iidBwir)) 

Consider the Dirichlet problem Awu + Xi{Bw{r))u = in Bw{r) with u = on dBw{r). It 
was shown by the authors in [5] that the first Dirichlet eigenvalue Xi{Bw{r)) is bounded below 
by 

> (2.16) 

where X is a vector field in Bw{r) with inf divX > and sup |X| < oo. Taking X = — grad ^rE 
we have that divX = 1 and |X| = \E'\. Applying (12.161) we obtain the following theorem. 

Theorem 2.7 Let Bwir) be a geodesic ball centered at = {0 x S"^"*^)/ ^ with of radius r 
in a spherically symmetric Riemannian n-manifold {W,dt'^ + p{t)d6'^). Let V{t) and S{t) be 
respectively the n-volume and {n — l)-volume of Bw{t) and dBy/{t)- Then 



A,(B„.(r))> 



2 



:2.i7) 



Corollary 2.8 Let W be a complete non-compact spherically symmetric manifold. Suppose 
that the boundary of By^{t) has volume growth Cic"^^* < S{t) < C2e'^^^ , C\ < and C3 are 
positive constants. Then 

\\W) = lim Ai(i?^(r)) > i^Y- 

r— >oo ZC2 

Remark 2.9 The inequality 1^2. should be compared with the inequality \i{Bw{r)) > ^. ^^^.^ — 
proved by Barroso and Bessa in J^. 
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2.5 More on submanifolds with tamed second fundamental form 



li (p : M ^ N is a complete m-submanifold with tamed second fundamental form immersed in 
a Hadamard n-manifold with sectional curvature Kn < b < then (p is proper. Moreover (p{M) 
has finite topology, see [1], [7]. In this section we are going to present the idea to prove that 
y9(M) has finite topology since we need a corollary from its proof. Recall that a submanifold 
if : M ^ N has tamed second fundamental form if limj^oo ) = a{M) < 1. Thus given 
c G (a(M), 1) there is an > such that 

C 

||a(^(x))|| < c- -^{pn{v{x)) 

Ob 

for all X G M \ i?Af (ro). Here pn is the intrinsic distance function in to a point p = (p{q). 
Let r > ro be such that ip{M) rtl dBN{r) and let T = ^{M) n dBN{r). Setting A = (p~^{T) we 
construct a smooth vector field on a open neighborhood of A so that Vx G A, ?/ = (p{x) we 
have that 

TyM = TyT © [[d(p{x).v{x), gradpAr]] 

with {d(p{x).h'{x),gTa.d Pn) > 0. Here [[dip{x).i'{x), gradpAr]] is the vector space generated by 
dip{x).h'{x) and gradpAr. For simplicity of notation we are going to identify dip{x).i'{x) = viy). 
Define ip{x) = (z/(y), grad jv(y)), x G A. Since A is compact and ipi^) > there is a positive 
minimum ipo. Consider the Cauchy Problem on M 

Ut,x) = ju{^{t,x)) 

^ (2.18) 

^(0,x) = X 

It was shown in [7] that if) satisfies the following differential equation along the integral curves 
^[t,x) 

-{^l^)t = v/r^Hessp^(u;,u;) + (z/*,«(z/,z/)) (2.19) 

Where v* is a unit vector normal to v and is a unit normal vector to TM and to grad p n . 
As consequence of Hessian Comparison Theorem we have the following inequality 

- ( a/T^)* > v^T^ ^ + {y\ a{v, v)) (2.20) 

Oh 

It was shown that pN{^it,x)) = t + ro so we can write 5'b(pAr(^(t, x))) = Sb(t + ro). The 
inequality (12.201) is equivalent to 



Sb{t + ro)Vl-^^\^ < -Sb{t + ro){iy\a{u,u)) (2.21) 
Integrating (I2.2ip of to t we obtain 

Vl^m < ^§^/r^(0) - . f Sb{t + ro)(z.*, a{u, u))ds 

ob[t + ^0) Ob[t + rQ) Jq 
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But -(z/*,a(i/,z/))(e(s,x)) < < c ■ {Cb/ Sb){s + ro). Thus 

Sbiro) 



+ c < 1 



(2.22) 



Sbit + ro) 

Where ipQ = infA?/; > 0. Thus for every a; G A we have that the function ip satisfies inequahty 
fl2.22p along the integral curve C,(t,x), (which is defined for all t). 

Now let / : M — > M be defined by o ip. The gradient of / is the projection of gradpAr on 
TM, i.e. grad/ = (gradpiv, J^)'^ = ip - p. Set 



i^(6,c,ro) = sup^^^^^^^^ 



+ c < 1 



(2.23) 



By <n7nt\ we have that 



inf ip> Jl- B'^ih,c,rQ)>Q 

AfV-i(Biv(ro)) 



Therefore we have that ||grad/(x)|| > ^^1 — -8^(6, c, tq), for a; G M \ y9 ^(i?jv(ro)). 



2.6 Proof of Theorem 11.5 . 



Let : M ^ N he a. complete m- dimensional submanifold of a complete Hadamard manifold 
with sectional curvature hi < Kn < 62 < with tamed second fundamental form . As we 
mentioned before is proper. Fix a point p = ip{q) & N and c G (a(M), 1) let D{R) be the 
extrinsic geodesic ball with center at p and radius -R > tq = ro(c) > 0. Consider / : M ^ M 
given by f = p'lf o ip. We want to estimate sup^(^) A/. We proceed as follows. 

m 

Af = 2^{Xi, gradpAr)^ + 2pArHesspAr(Xi, Xj) + 2pAr(gradpAr, if ) 



< 2 



1+ sup Pn^{pn) 

te[0,R] ^bi 

1+ sup Pn^{Pn) 

te[Q,R] ^bi 



+ max{2ro sup \H\,2c-R - {CbJSb,){R)} 

Biv(r-o) 

+ A( sup |ii|,c, ro,-R, 62) 

B]v{ro) 



(2.24) 



On the other hand grad / = 2pN'ipi^- Thus we have that 



inf ||grad/|| >2-i? Vl-S'(^2,c,ro) 

9D(_R) 



By Green's Theorem we have that 



sup A/ ■ voU(D(i?)) > / Af 

D(R) JD(R) 



(grad/, u) 



dD(R) 
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From we obtain 



volm-i{dD{R)) ^ 1 + ■ R ■ coth(v/^ • R) + A(supg^(,„) \H\ , c, rp, R, 62) 

vol„(D(i?)) - i?- v/l-^'(^2,c,ro) 

References 

[I] U. Abresch, H. Rosenberg, A Hopf differential for constant mean curvature surfaces in 
52 X M and x R. Acta Math. 193 141-174, (2004). 

[2] C. S. Barroso, G. P. Bessa, Lower bounds for the first Laplacian eigenvalue of geodesic balls 
of spherically symmetric manifolds. Int. J. Appl. Math. Stat. 6, 82-86, (2006). 

[3] G. P. Bessa, S. Costa, On cylindrically bounded H -Hyper surf aces o/H" x M To appear in 
Differential Geom. Appl. 

[4] G. P. Bessa, L. Jorge, J. F. Montenegro, Complete submanifolds ofW^ with finite topology. 
Comm. Anal. Geom. 15, n.4 (2007), 725-732. 

[5] G. P. Bessa, J. F. Montenegro, Eigenvalue estimates for submanifolds with locally bounded 
mean curvature. Ann. Global Anal. Geom. 24 no. 3, 279-290, (2003). 

[6] G. P. Bessa, J. F. Montenegro, On compact H-Hypersurfaces of N x W. Geom. Dedicata 
127 (2007), 1-5. 

[7] M. S. Costa, Sobre Subavariedades com segunda forma fundamental dominada em espagos 
de Hadamard. Ph.D Thesis, Universidade Federal do Ceara-UFC, Brasil, (2007). 

[8] E. B. Dynkin, Markov Process Vols. 1 and 2, Grundlehren Math. Wiss. Vols. 121 and 122, 
Springer, Berlin (1965) 

[9] R. Earp, B. Nelli, W. Santos, E. Toubiana, Uniqueness of H- surfaces in lEP x M, \H\ < 1/2, 
with boundary one or two parallel horizontal circles. Preprint. math.DG/0703054^ 

[10] M. F. Elbert, H. Rosenberg, Minimal graphs in N xW. Preprint. 

[II] L. Hauswirth, Minimal surfaces of Riemann type in three- dimensional product manifolds. 
Pacific J. Math. 224 (2006), no. 1, 91-117. 

[12] L. Hauswirth, H. Rosenberg, Minimal surfaces of finite total curvature in x R. Preprint. 

[13] D. Hoffman, J. H. de Lira, H. Rosenberg, Constant mean curvature surfaces in x R. 
Trans. Amer. Math. Soc. 358 491-507 (2006). 

[14] L. Jorge & Koutroufiotis, D.: An estimative for the curvature of bounded submanifolds, 
Amer. J. of Math. 103 (1981), 711-725. 



12 



[15] S. Markvorsen, On the mean exit time from a submanifol. J. Differential Geom. 29 (1989), 
1-8. 

[16] S. Markvorsen, V. Palmer, Generalized isoperimetric inequalities for extrinsic balls in min- 
imal submanifolds. J. Reine Angew. Math. 551, 101-121 (2002). 

[17] W. Meeks, H. Rosenberg, The theory of minimal surfaces in x M. Comment. Math. 
Helv. 80, 811-858, (2002). 

[18] B. Nelh, H. Rosenberg, Minimal surfaces in x R. Bull. Braz. Math. Soc. 33, 263-292, 
(2002). 

[19] B. Nelli, H. Rosenberg, Simply connected constant mean curvature surfaces in x M. 
Michigan Math. J. 54, 537-543, (2006). 

[20] B. Nelli, H. Rosenberg, Global properties of constant mean curvature surfaces in x M. 
Pacific J. Math. 226 137-152, (2006). 

[21] V. Palmer, Isoperimetric inequalities for extrinsic balls in minimal subamnifolds and their 
applications. J. London Math. Soc. 60 no. 2 (1999), 607-616. 

[22] H. Rosenberg, Minimal surfaces in x M. Illinois J. Math. 46 1177-1195, (2002). 

[23] H. Rosenberg, Some recent developments in the theory of minimal surfaces in 3-manifolds. 
Publicagoes Matematicas do IMPA. 24- Coloquio Brasileiro de Matematica. Instituto de 
Matematica Pura e Aphcada-IMPA, (2003). 

[24] Schocn, R. & Yau, S.T.: "Lectures on Differential Geometry". Conference Proceeedings 
and Lecture Notes in Geometry and Topology, vol. 1, 1994. 

Acknowledgment 

We thank the Abdus Salam International Center for Theoretical Physics-ICTP for their gen- 
erous hospitality and support. We were also partially supported by CNPq-FUNCAP. 



13 



